We have evaluated a steady-state test of foam stability which is based on the steady-state height of a foam produced by a constant velocity of gas flow. This test is mentioned in the book by Bikerman [1] and an elementary theory was developed for it by Verbist et al. in 1996 [2]. For the study we used an aqueous solution of the cationic surfactant dodecyl trimethylammonium bromide, C 12 TAB, at a concentration of 2 times the critical micelle concentration (2 cmc). During foam generation bubbles collapse at the top of the column which, in turn, eventually counterbalances the rate of bubble production at the bottom. The resulting balance can be described mathematically by an appropriate solution of the foam drainage equation under specified boundary conditions. Our experimental findings are in agreement with the theoretical predictions of a diverging foam height at a critical gas velocity and a finite foam height in the limit of zero velocity. We identify a critical liquid fraction below which a foam is unstable as an important parameter for characterising foam stability.
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Introduction
The formation of a foam requires the introduction of a gas into a liquid. The gas can, for example, be blown into the liquid through a nozzle, it can be mixed into the liquid via shaking, or it can be released from a super-saturated solution as a result of a pressure drop.
The resulting foam is generally unstable and its volume decays with time. The issues of foamability and foam stability are vital for many industrial applications, ranging from foams in the brewing industry to foams in healthcare products, such as shampoos, and foams in froth flotation plants for the separation of mineral ores.
A variety of (empirical) standard foam tests are in use which specify conventional procedures and deliver a certain value that characterizes the foam in question. In the Rudin test [3] , used in the brewing industry, the flow of liquid out of a decaying foam is determined. A specified amount of degassed beer is foamed up in a specified container to a specified height within a specified time. After the gas flow has been switched off, the time is measured for the liquid level at the bottom of the foam to go from a 50 mm mark to a 75 mm mark. In the NIBEM method [4] , beer is foamed up in a cuvette using CO 2 gas and standardized flow rate and orifice opening, and then the foam/gas interface is monitored as a function of time.
In the Bikerman test [1] , which recently attracted renewed interest for the characterisation of foams used in froth flotation [5, 6] , gas is sparged at a constant flow rate through a foam solution and the foam is collected in a vessel. After an initial increase, the height of the foam column reaches a maximum, whose value depends on the flow-rate Q of the gas. In his experiments, which included the foaming of urine, Bikerman [7] found that within a certain range of flow rates the steady-state height scales linearly with the flow-rate. Thus in this range a quantity Σ can be defined as Σ = V foam /Q = H/V, where V foam is the volume of foam produced, H is the height of the foam column, and V is called the "gas superficial velocity" with units of meter per second. Bikerman referred to the parameter Σ, which he chose as it is the first letter in the Greek word for "lather", as "the unit of foaminess" [7] . It has the physical dimensions of time.
There are also a number of more archaic foam tests still in use in industry, which are based on agitation of the liquid. They include the simple shaking of a liquid in a closed vessel or the pouring of liquid, followed by the determination of the resulting foam volume [1] . In all the above tests the three main mechanisms that operate during and after the production of a foam aredrainage, coalescence and coarsening (Ostwald ripening). Liquid drains out of the foam due to gravity, foam films burst (bubbles coalesce) e.g. due to evaporation, and coarsening takes place due to pressure differences between bubbles, which drives gas diffusion between them. The detailed specification of vessel parameters, gas flow rates, time intervals for measurements etc. may also be vital in foam tests, since they crucially determine the outcome of the measurement. While a foam test may provide for comparing empirically and thus qualitatively different samples, the lack of theoretical interpretation obscures the significance of the results, which may be important in tuning foamability for practical purposes. In this paper we examine a steady-state foam test with an analysis based on a physical model of foam drainage. This leads to both an interpretation (by giving a physical meaning to the parameter Σ) and a generalization of Bikerman's test.
Theoretical Model of a Steady-State Foam Test
The last two decades saw enormous progress in the understanding of the physics of foam drainage. A model in which drainage is restricted to the flow of liquid in the Plateau border network (channels at the intersections of liquid films) and where flow in the films is neglected, has been very successful in interpreting many different types of drainage experiments [2, 8] . The corresponding mathematical formulation leads to the so-called foam drainage equation which describes the variation of liquid fraction with time and vertical position (see eqn.(A1) in Appendix A for more details).
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The liquid fraction at the top of the column
corresponds to some finite critical liquid fraction Φ H below which the films collapse and whose value needs to be determined experimentally.
Using these two boundary conditions, an analytical expression for the variation of the foam height H(V) with bubble velocity V can be obtained (eqn.(A7) of Appendix A). Figure 1 illustrates this variation for three different values of the critical liquid fraction at the top of the column. H(V) is a monotonically increasing function of V which diverges at a critical velocity V c , i.e. at this velocity the height of the foam column increases to infinity. V c is given by
where ρ and η are liquid density and viscosity, respectively, V b is the (mean) bubble volume, g is the gravitational acceleration and f is a numerical factor that characterizes the boundary conditions (cross-section and surface mobility) for the flow of liquid through a Plateau border (see also appendix A and B). [9] . In follow-up work Grassia et al. [10] also computed the extremely slow approach to the steady-state height in the case of bubble velocities just below V c .
Figure 1
How is the divergence of the foam column at the critical bubble velocity V c to be interpreted physically? As Appendix A and Figure A1 explain, for a given bubble velocity V the steadystate profile of Φ(x) is described by a function which leads to a limiting value in the limit of x→∞. If this value is greater than Φ H , it cannot be obtained. In the steady-state, the amount of liquid carried upwards by the bubbles balances the amount of liquid that drains downwards. If one increases V this balance can only be achieved by having a taller column. However, no such balance is possible for V > V c . In the limit of small gas velocities V the height of the foam column is finite and given by ( )
where γ is surface tension. This foam height may be directly obtained from the equilibrium profile for V = 0 (see Appendix A). Since the foam is generally much drier at the top than at the bottom, where it is in contact with a liquid pool, it holds Φ H / Φ 0 << 1 and eqn.(4) can be simplified to give the following expression for the critical liquid fraction for foam collapse,
The physical model of Verbist et al. [2] thus makes two non-trivial predictions, namely the divergence of the foam column at some critical gas velocity V c and a finite foam height H(V=0) at zero gas velocity. Following the description of the experimental set-up and methodology in the next section, we show in section 4.1 that our experimentally obtained data, despite large scatter, adheres to these predictions. Our data is well described by the functional relationship for H(V) as given by eqn.(A7). We discuss the advantages and 
Steady-state Foam Test Experiments

Experimental Configuration
The foam is produced in a 66 cm long perspex (Plexiglas) vessel with square cross-section Figure 2 ). The average length of a Plateau border of a bubble located in the interior of the foam L PB is then given by L PB = L W /1.2 for size dispersions (defined as the ratio of the standard deviation over the average) of the order of 30% [11, 12] . Since our foams are monodisperse and have very low liquid fractions (the dry foam seen in Figure 2 is representative of all foams studied), the bubble volume V b may be written as
, a relation which is exact for Kelvin cells [13] [14] [15] and a good approximation for other monodisperse foams. Using the above procedure, and averaging over 10 measurements of surface Plateau borders, we obtained a bubble volume of V b = 144 ± 30 mm 3 . This corresponds to an equivalent sphere diameter of the 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 Interpolation to a gas velocity V of zero leads to a finite height H of the foam, while the foam height diverges at a critical gas velocity V c .
Figure 3
Before we describe the results of a least square fit of eqn.(A7) to the data we will discuss two unexpected features of the experiments, one related to the overflow of the foam containing vessel and the other to measurements at very long times. 
Foam Stability and Foam Height
Relatively stable foams quickly lead to very long columns of foam, even for slow bubble velocities, and thus require long containers for this test. Preliminary tests [16] showed that for the chosen foam container (66 cm in height), foams generated by the cationic homologue tetradecyl trimethylammonium bromide, C 14 TAB, at 2 cmc were much too stable. Even with the shorter chain C 12 TAB used in the present study, which is known to be a bad foamer [17, 18] , the generated amount of foam turned out to be too large at some high gas velocities.
In this case the foam simply overflows the vessel.
Surprisingly, we found that after such an overflow, the foam volume can decrease enormously before finally settling to a plateau value. Figure 5 shows an example of such a behaviour. We decided to only record the gas velocity at which the overflow occurred and entered the corresponding foam height as maximal height (= length of the vessel) in Figure 3 . We have discarded the data for the much lower heights after the overflow.
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Data Analysis and Discussion
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Assessment of the steady-state foam test
What are the advantages of the described foam test over the tests that are traditionally in use?
The measured relation between foam height and gas velocity is interpreted by the standard model of foam drainage. The test is not just another purely empirical description of foam stability but is related to the underlying physics and provides an estimate of the liquid fraction Φ H below which a foam is locally no longer stable, i.e. where bubbles collapse.
In any practical application of the foam test it is not necessary to perform a least square fit of the entire set of data in order to extract the parameters Φ H (and thus ∆p crit ) and f. Φ H is easily obtained from a linear interpolation of the data in the limit V → 0 and use of eqn. (4) . The extrapolation also reduces the influence of eventual outliers, which can greatly disturb the result in the case of foam tests that rely on the measurement of a single value. The parameter f can then be obtained from an estimate of the critical gas velocity V c and eqn.(3).
exist so far. Thus we refer to SDS as it is a soluble surfactant with a comparable cmc (cmc (SDS) = 9 10 -3 M). As SDS forms much more stable foams compared to the respective C 12 TAB, a lower surface viscosity is expected for the latter -reliable experimental data do not exist for C 12 TAB. Moreover, please note that since the test concerns the steady-state of the foam, there is neither a need to specify certain gas rates for its production, nor time intervals for measuring its height. The parameters that are determined are specific to the surfactant solution studied and the (average) bubble volume. However, the test does not appear to be practical for surfactant solutions that produce very stable foams, as in this case the divergence of the foam column would already occur at very small gas flow rates. 
Outlook
In his original description of the steady-state foam test, Bikerman noted the empirical finding of a finite value for the foam height H in the limit of low gas velocity V [1] . The paradox is that one may expect this to be zero, since a column left for sufficiently long times, without sparging, must surely collapse entirely. We are reminded that film rupture must be of a stochastic nature in reality and that there could well be different mechanisms with different time-constants. The reconciliation of this paradox therefore remains an intriguing topic for future investigation.
A simple variation of the test can be conceived that would make it applicable also to extremely poor foaming solutions. It consists of performing the test in the presence of forced drainage [22] , whereby the same surfactant solution is continuously added to the top of the foam. This leads to an overall increase of the liquid fraction of the foam, and thus renders the foam more stable. There should be an analytical solution also for this case, but we will leave the exploration of this for the future.
It is thus possible to conceive a single apparatus with different protocols of operations, The foam drainage equation is a non-linear partial differential equation which governs the variation of liquid fraction with position and time, throughout a foam [2, 8] . Expressed in dimensionless quantities it takes the form
where the dimensionless parameters ξ and τ are related to vertical position x and time t by ξ =
x/x 0 and τ = t/t 0 and α is proportional to the liquid fraction Φ of the foam,
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A solitary wave solution that fulfils the above requirement for v → 0 is given by
. (It appears that an equivalent solution of the node-dominated drainage equation (k = 1/2) would still need to be worked out.) Note that in this dimensionless formulation the amplitude behind the advancing wave is given by α = v. Translated back into the laboratory frame this leads to the following time independent liquid profile
where ξ a is a constant, which is fixed by the boundary conditions specified below. The foam 
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and only depends on the boundary conditions at the top and the bottom. Linearisation of eqn.(A4) leads to
, which results in the following expression for
Reinstating physical quantities, we obtain the following expression for the foam height as a function of bubble velocity,
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where Φ is the liquid fraction and V b is the average bubble volume [22] .
Appendix C: Surfactant solution
Foam stability is critically dependent on the chemical composition of the surfactant solution in use, hence we specify it precisely here for the present experiments. The cationic surfactant dodecyl trimethylammonium bromide C 12 TAB (purity >98% AT) was purchased from Fluka and used as received. All measurements were carried out at 2 cmc (the cmc of C 12 TAB in aqueous solution is 1.5 10 -2 M [25] ) as this was found to be the optimal concentration for our experimental set-up. Preliminary tests showed that for 1 cmc foams as high as 60 cm could be generated but the height did not diverge at some critical gas velocity V c -a longer column would have been needed to measure the divergence. On the other hand, measurements at 4 cmc simply generated too much foam [16] . Acetone (p.a.) and ethanol (p.a.) were purchased from Aldrich. The solutions were prepared with Milli-Q ® water. All glassware was cleaned with deconex  from Borer Chemie (as replacement for chromic sulphuric acid) and rinsed thoroughly with water before use. The foam column was cleaned after each run with a soft 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 [25] . We note that the surfactant concentration in the foam is lower compared to that in the bulk solution as surface is generated. However, due to the fact that the generated foams were very stable, the surfactant concentration is expected to be above -or at least close to -the cmc. Thus the value of the surface tension is not affected by this concentration change. For both the density ρ and the viscosity η of our solution we used the corresponding values of pure water (ρ = 998.2 kg/m 3 , η = 1.002 10 -3 Pa s). 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 Figure 4 : Long term measurements of foam height H and gas velocity V as a function of time t for two different experiments. The gas velocity V was determined repeatedly to ensure it was kept constant throughout an experimental run (V = 13.8 ± 0.2 cm min -1 (top), V = 17.9 ± 0.3 cm min -1 (bottom)) and the foam height was measured until a plateau value was reached. Note that in both data sets the foam column started to increase in height after about 60 min before it settled again to a roughly constant value. We decided to include both plateau values, before and after such an increase, in our collected data shown in Figure 3 . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 Figure 5 : Measurement of foam height H and gas velocity V as a function of time t showing an overflow of the foam. The gas velocity was kept constant (here 20.2 ± 0.2 cm min -1 ) and the foam height was repeatedly measured. In contrast to the measurements carried out at lower gas velocities (see Figure 4 ), a very steep increase of the foam height was observed at the beginning of the experiment, which eventually led to an overflow of the foam volume out of the vessel. Surprisingly, after the overflow the foam height shrinks enormously, before it settles at a much lower height. The measurement was recorded in Figure 3 (with height 66cm, corresponding to the length of the vessel), but it was marked as an open symbol to indicate that the exact height could not be determined due to overflow. As we cannot make sense of the behaviour after the overflow and since the overflow lead to some foam loss, we decided to disregard the consecutive measurements. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 
